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1. Introduction
In this paper we study the existence of positive radial solutions for the
problem
&div \ Du- 1+&Du&2+=f (u) in BR (P)
u=0 on BR .
Here D denotes the gradient operator, & }& denotes the euclidean norm in
RN, f (u)=|u| q&1u, q>1 and BR=[x # RN : &x&<R], N1.
The operator
&div \ Du- 1+&Du&2+
is usually denoted as the prescribed mean curvature operator.
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Associated with (P) we consider the problem
&div \ Du- 1+&Du&2+=f (u) in RN. (1.1)
Radial (singular) solutions of problem (1.1) have been studied in the
context of the analysis of capillary surfaces [CF, F, JP] for a function f of
the form
f (u)=ku k>0.
See Gilbarg and Trudinger [GT, p. 262] for a related equation.
In [NS1, NS2], Ni and Serrin initiated the study of ground states for
equations of the form (1.1) for a broad class of operators (including the
mean curvature) and for a very general right hand side f. By a ground state
we mean a radial solution u such that u(r)>0, r0, u(r)  0 as r  +
with r=&x&. The existence and non existence of ground states were studied
with the aid of generalized integral (pointwise) identities in conjunction
with shooting methods. See also [BLP, BL, FLS, PS1, PS2, St, and vdV]
for related kind of problems.
For (1.1), non existence results, i.e. Liouville type theorems, are similar
to those proved for the well studied equation
&2u=f (u) in RN. (L)
There is however a subtle difference.
For equation (L) with f (u)=|u|q&1 u, it is well known that when
1<q<(N+2)(N&2) no positive solutions (radial or not) can exist, see
[GS]. For the related prescribed mean curvature equation (1.1), with the
same right hand side, a similar result is known to hold in the class of radial
solutions when 1<qN(N&2), see [NS2]. In the remaining range,
N(N&2)<q<(N+2)(N&2), an important contribution in this direc-
tion, for the right hand side f (u)=*u+|u| q&1u, *<0, was recently given
by PeletierSerrin in [PS] and by Serrin in [S]. However, as observed by
Serrin in [S], the situation when *0 appears to be more complicated.
In this paper we prove a new existence result for problem (P) by mainly
using nonexistence results for problem (1.1). We do this for the full range
1<q<(N+2)(N&2) of the power, and R large. It has been proved by
Serrin [S] that there exist a positive number R1 depending only on q and
N such that problem (P) has no positive solutions for 0<R<R1 .
This paper is organized as follows. In Section 2 we recall some standard
facts for the radial version of (1.1). In Section 3 we prove a refinement of
a non existence theorem due to NiSerrin [NS2] for ground states for
problem (1.1) in the case N(N&2)<q<(N+2)(N&2) that is needed in
our existence result for problem (P).
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We emphazise here that even though our nonexistence result improves
the known results, it does not yet totally settle the open question of
whether or not radial ground states of (1.1), with f (u)=|u|q&1 u, can exist
in the range (N(N&2), (N+2)(N&2)).
Finally, we study the Dirichlet problem (P).
2. Preliminaries
In this section we recall some preliminary results which will be used
later.
We associate to problem (1.1) the initial value problem
u$=(v(r))
&v$=
N&1
r
v(r)+|u(r)|q&1 u(r), r>0 (S )
u(0)=u0 , v(0)=0
where 1<q<+ and
(v) :=
v
- 1&v2
(2.1)
is the inverse function of
,(t) :=
t
- 1+t2
. (2.2)
In Proposition 2.1 below we establish global existence (for r0) of
solutions to (S ) for initial values u0 # I :=(0, (1+q)1(1+q)). Clearly, by the
oddness of  similar results hold for u0 # (&(1+q)1(1+q), 0).
Proposition 2.1. For every u0 # I, problem (S ) possesses exactly one
global solution
(u, v)=(u(r, u0), v(r, u0)),
such that (u, v) # (C1([0, +)_I ))2. Moreover either
u(r)>0, u$(r)<0 (2.3)
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for all r>0 or there exists a unique positive number R(u0) such that
u(r)>0 for r # [0, R(u0)), u(R(u0))=0, and u$(R(u0))<0.
(2.4)
Furthermore if (2.4) holds for some u0 # I, then there is an = # (0, u0) such
that for every initial value u~ 0 # (u0&=, u0+=), (2.4) holds, with u0 replaced
by u~ 0 , and the function u~ 0  R(u~ 0) is continuously differentiable.
Proof. Local existence, uniqueness and continuously differentiable
dependence upon the initial value follows in a standard way, see [NS1,
NS2].
For the sake of completeness, we establish the global existence for u0 # I.
Let u0 # I and denote by r(u0) # (0, +] the maximal interval of exist-
ence of the corresponding solution (u, v). If r(u0){+, we have that
either
sup
0r<r(u0)
|u(r)|=+ (2.5)
or
sup
0r<r(u0)
|v(r)|=1. (2.6)
Thus to show global existence it is enough to prove that both (2.6)) and
(2.7) cannot occur for r(u0) finite. To this end we consider the following
Liapunov function (see also [PS])
H(u, v) :=9 (v)+F(u) (2.7)
where
9 (v)=|
v
0
(s) ds=1&- 1&v2
and
F(u)=
|u|q+1
q+1
.
Multiplying the first equation of (S) by v$ and the second by u$ and adding,
we obtain that
d
dr
H(u(r), v(r))=&
N&1
r
v(r) (v(r))0, (2.8)
whenever 0|v(r)|<1.
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Since H(u(0), v(0))=F(u(0)) and both 9 and F are nonnegative, we
have
9 (v(r))F(u0), and F(u(r))F(u0) for r # [0, r(u0)). (2.9)
Thus, if u0 # I,
F(u0)=
uq+10
q+1
<
q+1
q+1
=1,
and from (2.9)
|u(r)|<(q+1)1(q+1) for r # [0, r(u0)) and |v(r)|1&$, (2.10)
for some $ # (0, 1). Using now the fact that both 9 and F are even and
strictly increasing functions on [0, 1) and [0, +) respectively, it follows
that we must have r(u0)=+.
Next we show that if
u(r, u0)>0 on [0, +) (2.11)
then
u$(r)<0 for all r # [0, +). (2.12)
Since (u, v) satisfy (S), we find that v$(0)=&N&1uq0<0, thus v(0)=0
implies that v(r)<0 on some interval (0, r0).
We claim that v(r)<0 for all r>0. Indeed if this is not so, then there
would exist r1>0 such that v(r)<0 for 0r<r1 , and v(r1)=0. Thus we
would have
u"(r1)=$(v(r1)) v$(r1)=$(0) v$(r1)
=v$(r1)=&uq(r1)<0.
This implies that u(r) has a strict maximum at r=r1 and then u$(r)>0 in
a left neighborhood of r1 . But sign u$= sign (v) and hence we obtain that
v(r)>0 in a left neighborhood of r1 , which is impossible.
As a consequence of this claim, by the first equation of (S )
u$(r)<0, for all r>0.
Suppose now that u(r, u0) possesses a first zero at R(u0), then clearly
u$(R(u0))0. If u$(R(u0))=0, then by the first equation of (S ),
v(R(u0))=0. The uniqueness of the backward initial value problem (S ) on
(0, R(u0)] implies u(r)=v(r)=0 on (0, R(u0)]. Then the continuity of u
347modified capillary equation
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yields u0=u(0)=0 which contradicts our assumption u0 # I. Thus
u$(R(u0))<0.
To prove the last statement of Proposition 2.1 we make use of the
Implicit Function Theorem. Consider the C1 function u(r, u0) defined on
(0, R(u0)+1)_(u0&$1 , u0+$1) with
u0&$1>0, and u0+$1<(1+q)1(1+q).
Since
u(R(u0), u0)=0 and u$(R(u0), u0){0
we find that there exists a C 1 function
u~ 0 # (u0&=, u0+=)  R(u~ 0)
for some = # (0, u0) such that
u(R(u~ 0), u~ 0)=0.
Moreover, there exists =~ >0 such that if
u(r, u~ 0)=0, r # (R(u0)&=~ , R(u0)+=~ ),
then r=R(u~ 0). This completes the proof of Proposition 2.1. K
3. Main Results
This section is organized as follows. We first recall a Liouville type
theorem for problem (1.1) concerning ground states due to Ni and Serrin.
Then we prove a related result for a range of values of the exponent q in
(1.1) left open in [NS2] (see the discussion following (5.13) in that paper).
These results are essentially used in the final part of this section to study
the Dirichlet problem (P).
Theorem 3.1 [NS2]. Let u # C2[r0 , +), r00, be a nonnegative
solution to the inequality
&\rN&1 u$- 1+u$2+
$
rN&1uq, rr0 , (3.1)
with q # (1, N(N&2)]. Then u is identically zero.
Remark 3.1. This theorem is stated in a more general context in
[NS2]. See this reference and [NS1] for more details.
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We study next the case when q # (N(N&2), (N+2)(N&2)) left open
in [NS2]. To do this we first establish a lemma which is a special case of
a result proved in [MSvdV].
Lemma 3.2. Let r00 and u # C2[r0 , +) be a nonnegative solution to
the inequality
&\ r
N&1u$
- 1+u$2+
$
0, rr0 , N3, (3.2)
and suppose that
u$(r0)0. (3.3)
Then
u$(r)0 for all r # [r0 , +), (3.4)
and the function M( } ) defined by
M(r)=
ru$
- 1+u$2(r)
+(N&2)(u(r)&u) (3.5)
is nonnegative in [r0 , +), where
u= inf
rr 0
u(r)= lim
r  
u(r). (3.6)
Remark 3.2. The function M just defined will play a key role in the
proof of our next decay estimates as well as in the proof of our Liouville
type result in theorem 3.5. For additional applications of these M like func-
tions to other operators see also [CMM, M1, M2, MSvdV].
As a first consequence of this lemma, we have
Lemma 3.3. Let r00, N3 and u # C2[r0 , +) be a nonnegative
solution of
&\ r
N&1u$(r)
- 1+u$2(r)+
$
=rN&1uq(r), r>r0 with u$(r0)0. (3.7)
Then, if q>1, we have
0u(r)Cr&2(q&1) for all r>r0 . (3.8)
In particular, limr  + u(r)=0.
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Proof. By integrating the equation in (3.7) on [r0 , r] with r>r0 and by
using the fact that u$(r)0 for all r>r0 , we find
&
rN&1u$(r)
- 1+u$2(r)
|
r
r 0
sN&1uq(s) ds
and
&
rN&1u$(r)
- 1+u$2(r)

rN
N
uq(r), for all r>r0 . (3.9)
Applying Lemma 3.2 we find
(N&2) u(r)
r2
N
uq(r), for all r>r0 , (3.10)
from which (3.8) follows. This completes the proof of Lemma 3.3. K
Remark 3.3. As it is well known one can obtain the same estimate
(3.8), for N1, by directly integrating the differential inequality (3.9). See
also [NS2]. We emphasize though that our proof, based on the M func-
tion, can be extended to more general systems of quasilinear equations in
a fairly simple way.
Lemma 3.4. If u is a nonnegative solution of (3.7) with q>1 and N3,
then there exists a constant C>0 such that for all rr0 , we have
rNu$2(r)
- 1+u$2(r)
CrN&2&4(q&1), (3.11)
rN (- 1+u$2(r)&1)CrN&2&4(q&1), (3.12)
rN&1 |u$(r)| u(r)
- 1+u$2(r)
CrN&2&4(q&1), (3.13)
rNuq+1(r)CrN&2&4(q&1). (3.14)
Proof. By Lemma 3.2, with (u=0), for rr0 , we have
ru$(r)
- 1+u$2(r)
+(N&2) u(r)0,
hence
r |u$(r)|
- 1+u$2(r)
(N&2) u(r), (3.15)
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which implies
lim
r  +
u$(r)=0 and lim
r  +
ru$(r)=0. (3.16)
From (3.15)
r2u$2(r)
- 1+u$2(r)
(N&2)2 u2(r) - 1+u$2(r) (3.17)
and by (3.16), it follows that
rNu$2(r)
- 1+u$2(r)
Cu2(r) rN&2, (3.18)
for some constant C>0, rr0 . Thus (3.11) follows from Lemma 3.3.
Now we prove (3.12). We have
rN (- 1+u$2(r)&1)=
rNu$2(r)
- 1+u$2(r)+1

rNu$2(r)
- 1+u$2(r)
which implies (3.12) by using (3.11).
To prove (3.13) we use again the nonnegativity of the function M.
Indeed, from (3.15),
rN&1 |u$(r)| u(r)
- 1+u$2(r)
(N&2) rN&2u2(r)
and by Lemma 3.3,
rN&1 |u$(r)| u(r)
- 1+u$2(r)
CrN&2&(4q&1),
which is (3.13). Moreover, from Lemma 3.3,
rNuq+1(r)CrN&(2(q+1)q&1)=CrN&2&(4q&1).
This completes the proof of Lemma 3.4. K
Remark 3.4. Observe that if q # (1, (N+2)(N&2)), then the right
hand sides of the inequalities (3.11)(3.14) tend to zero as r tends to
infinity.
Finally we establish and prove our Liouville type result.
351modified capillary equation
F
ile
:5
05
J
30
30
10
.B
y:
B
V
.D
at
e:
13
:0
2:
96
.T
im
e:
16
:2
5
L
O
P
8M
.V
8.
0.
P
ag
e
01
:0
1
C
od
es
:
24
26
Si
gn
s:
11
28
.L
en
gt
h:
45
pi
c
0
pt
s,
19
0
m
m
Theorem 3.5. Let u be a nonnegative solution of
&\ r
N&1u$(r)
- 1+u$2(r)+
$
=rN&1uq(r),
(M)
u$(0)=0.
If either N=1, 2 and q>1, or N3, q # (1, (N+2)(N&2)) and
0u0(q+1)1(q+1) \N+2&q(N&2)N+q+1 +
1(q+1)
:=u0* (3.19)
then u is identically zero.
Proof. The case N=1, 2 is treated by NiSerrin in [NS2], and thus we
omit the proof. Suppose N3 and q # (1, (N+2)(N&2)) and let u satisfy
the assumptions of the theorem. By multiplying the equation of (M) by ru$
and integrating on [0, R], we obtain (see also [PS1])
&
RNu$2(R)
- 1+u$2(R)
+|
R
0
sN&1u$2(s)
- 1+u$2(s)
ds+|
R
0
sNu$(s) u"(s)
- 1+u$2(s)
ds
=|
R
0
sNu$(s) uq(s) ds
=
RN
q+1
uq+1(R)&
N
q+1 |
R
0
sN&1uq+1(s) ds. (3.20)
Observe that (3.19) implies that u0<(1+q)1(q+1), and hence by Proposi-
tion 2.1 the solution to (M) with initial value u0 exists for all r>0.
Integrating by parts the third term on the left-hand side of (3.20) we find
that
&
RNu$2(R)
- 1+u$2(R)
+|
R
0
sN&1u$2(s)
- 1+u$2(s)
ds+RN(- 1+u$2(R)&1)
&N |
R
0
sN&1(- 1+u$2(s)&1) ds
=
RN
q+1
uq+1(R)&
N
q+1 |
R
0
sN&1uq+1(s) ds. (3.21)
Next we multiply (M) by u and integrate by parts, to obtain
&
RN&1u$(R) u(R)
- 1+u$2(R)
+|
R
0
sN&1u$2(s)
- 1+u$2(s)
ds=|
R
0
sN&1uq+1(s) ds. (3.22)
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By (3.14), it follows that
|

0
sN&1uq+1(s) ds<. (3.23)
Hence by (3.13), (3.22) and q # (1, (N+2)(N&2)) we find first that
0
sN&1u$2(s)
- 1+u$2(s)
ds< (3.24)
and then by (3.22) that
|

0
sN&1u$2(s)
- 1+u$2(s)
ds=|

0
sN&1uq+1(s) ds. (3.25)
Moreover
|
R
0
sN&1(- 1+u$2(s)&1) ds=|
R
0
sN&1u$2(s)
- 1+u$2(s)+1
ds
|
R
0
sN&1u$2(s)
- 1+u$2(s)
ds
|

0
sN&1u$2(s)
- 1+u$2(s)
ds<, (3.26)
by (3.24). Hence
0 s
N&1(- 1+u$2(s)&1) ds<. (3.27)
By using (3.11), (3.12), (3.14), the fact that q # (1, (N+2)(N&2)), and
(3.27) we obtain from (3.20) and (3.27) that
|

0
sN&1u$2(s)
- 1+u$2(s)
ds&N |

0
sN&1(- 1+u$2(s)&1) ds
=&
N
q+1 |

0
sN&1uq+1(s) ds. (3.28)
Thus from (3.25) and (3.28),
|

0
sN&1 _ :u$
2(s)
- 1+u$2(s)
&(- 1+u$2(s)&1)& ds=0 (3.29)
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where :=(1N)+1(q+1). Now, since
- 1+u$2(s)&1=
u$2(s)
- 1+u$2(s)+1
,
we have that (3.29) becomes
|

0
sN&1u$2(s) _ :- 1+u$2(s)&
1
- 1+u$2(s)+1& ds=0. (3.30)
By integrating (2.8) on [0, r], it follows that
F(u(r))+9 (v(r))F(u0) for all r>0, (3.31)
hence
9 (v(r))F(u0)
and
(1+u$2)12
1
1&F(u0)
. (3.32)
Since by assumption
F(u0)
(N+2)&q(N&2)
N+q+1
,
from (3.32) we find that
(1+u$2)12
:
1&:
(3.33)
and thus
:
(1+u$2)12

1
(1+u$2)12+1
.
Then by (3.30), we obtain
:
(1+u$2)12
=
1
(1+u$2)12+1
,
for all r>0. The asymptotic estimates (3.16) (or alternatively the con-
tinuity of u$ at zero) then yields
1
N
+
1
q+1
=:=
1
2
.
This is a contraction to our assumption q<(N+2)(N&2). Thus the
theorem is proved. K
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Remark 3.5. By Theorem 3.1 and Proposition 2.1, this result still holds
if u0 # [0, (q+1)1(q+1)) and q # (1, N(N&2)].
Remark 3.6. It was pointed out to us by Professor Serrin that our
Liouville type Theorem 3.5 can be extended to a large class of problems
that contains more general operators than ours.
Now we prove our existence result.
Theorem 3.6. Let q # (1, (N+2)(N&2)). Then there exists a non-
negative number R* such that problem (P) has at least one nontrivial positive
solution for every R>R*.
Remark 3.7. We recall that by the results of [S] any positive radial
solution to (P) satisfies u(0)<(4N2q)1(q+1). See also [APS].
Proof. We consider first the case q # (N(N&2), (N+2)(N&2)). If
u0 # I* :=(0, u0*), then Proposition 2.1 implies that the solution u(r) to (P)
is globally defined and satisfies: (i) u(r)>0 for all r0 or (ii) there exists
a unique R(u0) such that
u(r)>0 for r # [0, R(u0)), u(R(u0))=0, and u$(R(u0))<0. (3.34)
Theorem 3.5 tell us that (i) is not possible and hence (ii) must hold.
In the case when q # (1, N(N&2)) the same argument applies provided
we choose u0 # I, and we use the Remark 3.5.
In both cases, we know by Proposition 2.1 that the map u0  R(u0) is at
least continuous. Hence the image of the interval of definition of this map,
which is (0, u0*) in the first case and (0, (1+q)1(1+q)) in the second case,
is either reduced to one point or is an interval J. To complete the proof of
the theorem is sufficient to show that limu0  0 R(u0)=+. We do this
next.
By integrating (2.8) on [0, r] with r<R(u0), we have that
H(u(r), v(r))H(u(0), v(0))=F(u0)=
uq+10
q+1
.
Hence
1&1(1+u$2)12
uq+10 &u(r)
q+1
q+1
(3.35)
which implies
&[q+1&(uq+10 &u(r)
q+1)] u$(r)
((uq+10 &u(r)
q+1)(2(q+1)&(uq+10 &u(r)
q+1))12
1. (3.36)
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Here we have used the fact that u$(r)<0 for all r # (0, R(u0)]. Integrating
(3.36) with respect to r from [0, R(u0)] we find
T(u0)R(u0) (3.37)
where
T(u0) :=|
u0
0
[q+1&(uq+10 &u
q+1)] du
((uq+10 &u
q+1)(2(q+1)&(uq+10 &u
q+1))12
. (3.38)
We observe that T(u0) corresponds to the time mapping at u0 for the case
N=1 in problem (P).
We want to show that R(u0)  + as u0  0. For this is sufficient that
T(u0)  + as u0  0. Since u0 # I or u0 # I* it follows from (3.35) that
T(u0)
(q+1)&uq+10
(2(q+1)+1)12 |
u0
0
du
(uq+10 &u
q+1))12
, (3.39)
and hence by using a suitable change of variables and u01, we finally
obtain
T(u0)
q
q+1
1 \ 1q+1+
1 \ 1q+1+
1
2+
1 \12+
(2(q+1)+1)12
u (1&q)20 .
Since q>1,
lim inf
u0  0
T(u0)=+.
and the claim is proved.
In conclusion we know that J is of the form (R*, +) or [R*, +) for
some R*0, thus for any ball BR , with R>R*, there exists at least one
positive solution of (P) on BR . K
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